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V. CoxcLUsION

The characteristics of the waves guided along a plane
interface which separates a semi-infinite region of free
space from that of a magnetoionic medium are investi-
gated for the case in which the static magnetic field is
oriented perpendicular to the plane interface. It is
found that surface waves exist only when w, <w, and
that also only for angular frequencies which lie between
w. and 1/+/2 times the upper hybrid resonant frequency.
The surface waves propagate with a phase velocity
which is always less than the velocity of electromagnetic
waves in free space. The attenuation rates normal to the
interface of thesurface wave fieldsin both the media are
examined. Numerical results of the surface wave char-
acteristics are given for one typical case.
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Numerical Solution of Initial Boundary Value

Problems Involving Maxwell’s Equations

in Isotropic Media

KANE S. YEE

Abstract—Maxwell’s equations are replaced by a set of finite
difference equations. It is shown that if one chooses the field points
appropriately, the set of finite difference equations is applicable for
a boundary condition involving perfectly conducting surfaces. An
example is given of the scattering of an electromagnetic pulse by a
perfectly conducting cylinder.

[NTRODUCTION
f ;;OLL'TIO.\’S to the time-dependent Maxwell's equa-

tions in general form are unknown except for

a few special cases. The difficulty is due mainly to
the imposition of the boundary conditions. We shall
show in this paper how to obtain the solution numer-
ically when the boundary condition is that appropriate
for a perfect conductor. In theory, this numerical attack
can be emploved for the most general case. However,
because of the limited memory capacity of present dav
computers, numerical solutions to a scattering problem
for which the ratio of the characteristic linear dimen-
sion of the obstacle to the wavelength is large still
seem to be impractical. We shall show by an example
that in the case of two dimensions, numerical solutions
are practical even when the characteristic length of the
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obstacle is moderately large compared to that of an in-
coming wave.

A set of finite difference equations for the system of
partial differential equations will be introduced in the
early part of this paper. We shall then show that with an
appropriate choice of the points at which the various
field components are to be evaluated, the set of finite
difference equations can be solved and the solution will
satisfy the boundary condition. The latter part of this
paper will specialize in two-dimensional problems, and
an example illustrating scattering of an incoming pulse
by a perfectly conducting square will be presented.

MAXWELL'S EQUATION AND THE EQUIVALENT SET
OF FINITE DIFFERENCE EQUATIONS

Maxwell's equations in an isotropic medium [1] are:!

3B
— 4+ VX E=0, (1a}
al
aD
al
B = uH, (10)
D = ¢E, (1d)

1 In MKS system of units.
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where J, u, and ¢ are assumed to be given functions of
space and time.

In a rectangular coordinate system, (1a) and (1b) are
equivalent to the following system of scalar equations:

3B, QE, OE,

== — 2a
[ a ey oz (22)

dB, 8E. OE,
- (2b)

at dz dx

3B, AdE. aE,
e (20)

at ay dx

" aD. oH, oH,
=—=—=J, (2d)

.o dy az
oD, oH, &H, ; -
it o B Y O 26

ot 9z ox

aD, dH, aH,
— -, (2f)

at dx dy

where we have taken A=(4,, 4,, 4,). We denote a grid
point of the space as

(i, j, k) = (idz, jAy, kaz) 3)
and for any function of space and time we put
F(iAx, jAy, kAs, nAl) = F(i, 1, k). (1)

A set of finite difference equations for (2a)-(2f) that
will be found convenient for perfectly conducting
boundary condition is as follows.

For (2a) we have

Bl i+ 3, k+d) — B i+ bk + )

At
_EfG LR D - Er(,j+ 4, F)
B Az
Er(,j+ 1L, E+3) — Er(G, 5, k+3) )
Ay

s

The finite difference equations corresponding to (2b)
and (2¢), respectively, can be similarly constructed.
For (2d) we have

D,"(i + %yjy k) - D:n—l(i + %)j, k)

At
A2+ 4+ 40 - B+ 4,7 -4 8
= "
BG4 3k + 0 — B G+ 45,k = 1)
N Az
+ T2 4 4,5, R) (6)

The equations carresponding to (2e) and (2f), respec-
tively, can be similarly constructed.

The grid points for the E-field and the H-field are
chosen so as to approximate the condition to be dis-
cussed below as accurately as possible. The various grid
positions are shown in Fig. 1.
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Fig. 1. Positions of various field components. The E-compeonents
are in the middle of the edges and the H-components are in the
center of the faces.

Bouxpary CONDITIONS

The boundary condition appropriate for a perfectly
conducting surface is that the tangential components of
the electric field vanish. This condition also implies
that the normal component of the magnetic field van-
ishes on the surface. The conducting surface will there-
fore be approximated by a collection of surfaces of
cubes, the sides of which are parallel to the coordinate
axes. Plane surfaces perpendicular to the x-axis will be
chosen so as to contain points where E, and E, are
defined. Similariv, plane surfaces perpendicular to the
other axes are chosen.

GRID SIZE AND STABILITY CRITERION

The space grid size must be such that over one incre-
ment the electromagnetic field does not change sig-
nificantly. This means that, to have meaning{ul results,
the linear dimension of the grid must be only a fraction
of the wavelength. We shall choose Ax=Ay=Az. For
computational stability, it is necessary to satisfy a rela-
tion between the space increment and time increment
At. When e and u are variables, a rigorous stability cri-
terion is difficult to obtain. For constant € and u, com-
putational stability requires that

T
V@t + (Ay)* + (A2)* > el = ,t/— aL (D)

€x
where ¢ is the velocity of light. If ¢mae is the maximum
light velocity in the region concerned, we must choose
V(AT + (Av)? + (Az)® > caazdl (8)

This requirement puts a restriction on At for the chosen
Ax, Ay, and Az.

MaxweLL's EqQuaTions 1N Two DIMENSIONS

To illustrate the method, we consider a scattering
problem in two dimensions. We shall assume that the
field components do not depend on the z coordinate of a
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point. Furthermore, we take ¢ and g to be constants and
J=0. The only source of our problem is then an “in-
cident” wave. This incident wave will be “scattered”
after it encounters the obstacle. The obstacle will be of
a few “wavelengths” in its linear dimension. Further
simplification can be obtained if we observe the fact
that in cylindrical coordinates we can decompose any
electromagnetic field into “transverse electric” and
“transverse magnetic” fields if ¢ and p are constants.
The two modes of electromagnetic waves are character-
ized by
1) Transverse electric wave (TE)

H.= H, =0, E, =0,
0H, dE, OE;
—_p—=—— ,
ot dx dy
dH, OE; 0H, 9K,
—— = 9)
dy ot 9x i

and
2) Transverse magnetic wave (TM)

E.=E, =0, H, =0,
0E, O0H, O0H.

‘ at N ;‘_ oy

#aﬂzz_g_%’ #G_Hy:aE,. (10)
ot dy ot dx

Let C be a perfectly conducting boundary curve. We
approximate it by a polvgon whose sides are parallel to

the coordinate axes. If the grid dimensions are small
compared to the wavelength, we expect the approxima-
tion to vield meaningful results.

Letting
T
T=cl = — (11)
e
and
Z= ,‘/i = 376.7, (12)
€

we can write the finite difference equations for the TE
and TM waves.

TE waves:
HoAG+ 4,5+ 8 = BG+ 3,7+ 1)
1 AT N . . e 1
—— —[E G+ 1,7+ 1 — EfGi+ D]
Z Ax
1 Ar

+— — Eri+31,i+1)—ErG6+5L0] (13a)
Z Ay

EM(E+3,7) = B+ 5,))

A
+ ZA—T [Hr+inG + 3,5+ 3) — B2+ 3,7 — 3] (13b)
y

MAY
Ar
B0+ = — 2 (B + L+
_ ~ Hevi = 4,5+ D] (130
TM waves:
El"-H(iy .7) = Et"(i: .7)
AT ’
+ 22 (B0 4 ) = B = 1,9)]
Ar ‘
- Z = [H2(, 5 4 3) — H 037~ 1] (14a)
Y
BG4+ 3) = Ho9G,5 + )
= Y B+ 1) — e )] (14)
— - "1, - L1,
Z By J %HJ

B0+ 3,5) = B0+ ,9)

1 AT Y - . -
+ ~ Z‘x[f-‘fz"(z +1,7) = Er(,7]. (140

NuMERICAL COMPUTATIONS FOR TM WAVEs

For further numerical discussion we shall limit our-
selves to the TM waves. In this case we use the finite
difference equations (14a)—(14c). The values for E,(4, 7),
H,2(141, ), and H;'%*(%, j—1%) are obtained from the
incident wave.? Subsequent values are evaluated from
the finite difference equations (14a)~{14c). The bound-
ary condition is approximated by putting the boundary
value of E,"(4, j) equal to zero for any =.

To be specific, we shall consider the diffraction of an
incident TM wave by a perfectly conducting square.
The dimensions of the obstacle, as well as the profile of

- the incident wave, are shown in Fig. 2.
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Equivalent problem for scattering of a TM wave.’

=49
Fig. 2.

2 We choose ¢ such that when #=0 the incident wave has not en-
countered the obstacle.
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Fig. 3. Results of the calculation of E, by means of (14a)-(14c) in
the absence of the obstacle. The ordinate is in volts/meter and
the abscissa is the number of horizontal increments. n is the
number of time cycles.
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Fig. 4. E. of the TM wave in the presence of the
obstacle for various time cycles when j=30.
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Fig. 5. E, of the TM wave for various time cycles. j=30.
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Fig. 6. E, of the TM wave for various time cycles. j=65.
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Let the incident wave be plane, with its profile being
a hall sine wave. The width of the incident wave is
taken to be « units and the square has sides of length
4 units. Since the equations are linear, we can take
E.=1 unit. The incident wave will have only an E,
component and an X, component. We choose

Ar = Ay = o/8 (15a)

and

Ar = cAl = }Ax = a/16. (15b)

A finite difference scheme over the whole x-y plane
is impractical; we therefore have to limit the extent of
our calculation region. We assume that at time £=0, the
left traveling plane wave is “near” the obstacle. For a
restricted period of time, we can therefore replace the
original problems by the equivalent problem shown in
Fig. 2.

The input data are taken from the incident wave with

— 50 {
E.(z, y,1) = sin I:—ﬂ—u—-—(x Mot e )T]
8a

Oﬁx—SDa—:—_dSSa {16a)

1
Hix, 310 = rl Elx, v, 1) (16b)
From the differential equation satished by E; we con-
clude that the resuits for the equivalent problem (see
Fig. 2) should approximate those of the original prob-
lems, provided

0 < nar € 6dAr,

hecause the artificial boundary conditions will not affect
our solution for this period of time.

For #> 64, however, only on certain peints will the
results of the equivalent problems approximate those
of the original problems.

Numerical results are presented for the Tl waves
discussed above. To gain some idea of the accuracy of
the finite difference equation, we have used the system
(14a)—(14c) with the initial E, being a half sine wave
for the case of neo obstacle. We note that the outer
boundary conditions will not affect this incident wave
as there is no H. component in the incident wave.
Ninety-five time cycles were run with the finite differ-
ence system (14a)-{14c), and the machine output is
shown in Fig. 3. The oscillation and the widening of the
initial pulse is due to the imperfection of the finite
difference system.

Figure 4 shows the value of £, of the TM wave as a
function of the heorizontal grid coordinate 4 for a fixed
vertical grid coordinate j=30. At the end of five time
cycles, the wave just hits the obstacle. The line j=30
does not meet the obstacie, but is “sufficiently” near
the obstacle to be affected by a “partially reflected”
wave. There is also a partially transmitted wave. The
phase of the reflected wave is opposite that of the m-
cident wave, as required by the boundary condition of
the obstacle. There should also be a decrease in wave

3 ~vlindri iy g cal-

MAY

culation was not carried far enough to show this effect.

Figure 5 shows the value of E, for the TM waveas a
function of the horizontal grid coordinate ¢ for j=>50.
This line {j=50) meets the obstacle, and hence we ex-
pect a reflected wave going to the right. These expecta-
tions are borne out in Fig. 5. After the reflected wave
from the object meets the right boundary (see Fig. 2),
the wave is reflected again. This effect is shown for the
time cycles 75, 85, and 95.

Figure 6 is for j=65. This line forms part of the
boundary of the obstacle. Because of the required bound-
ary condition, E, is zero on the boundary point. To the
right of the obstacle there is a “partially” reflected wave
of about half the amplitude of a fully reflected wave. To
the left of the obstacle there is a “transmitted” wave
after 85 time cycles.

All these graphs were obtained by means of linear
interpolation between the grid points. They have been
redrawn for reproduction.

CompParisoN oF THE CoMPUTED RESULTS WITH THE
KyownN REsuLTs oN DIFFRACTION OF
PuLseEs BY 4 WEDGE

There exist no exact results for the particular exam-
ple we considered here. However, in the case when the
obstacle is a wedge, Keller and Blank [2}] and Fried-
lander [3] have solved the diffraction problem in closed
forms. In addition, Keller {4] has also proposed a meth-
od to treat diffraction by polvgonal cvlinders. To carrv
out the method proposed by Keller [4], one would have
to use some sort of finite difference scheme. The present
difference scheme seems to be simpler to apply in prac-
tice. For a restricted period of time and on a restricted
region, our results should be identical with those ob-
tained from diffraction by a wedge. We present such 2
comparison along the points on the straight line coin-
cident with the upper edge {i.e., j=65).

Let the sides of a wedge coincide with the rays 8§ =0
and 8=8. Let the physical space be 0 <7 <=, 0 <88,
Let this wedge be perfectly conducting. If the incident
E. is given by

Eine = f {! + L cos (GRS Bo)} )
¢

where 8, is the direction of incidence, Friedlander [3]
has shown that the solution to this diffraction problem

15

Efr,8,8) = (8 — Bo)f {i + - cos (8 — 80)}
&

— a8 + Bo)f {t—i——rcos (8—{—89)*}3
c .

1 = '
- B — 6o, ) — (8 + B,
), for £ — 0 5}
-f (f — L cosh E) dt, (17
£

3151 8,)% = (§+6,) +2md; where m is an integer so chosen that
AR
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where -o'g \ /
) =1 (ly| <n); nis
‘ c@) =0 (r<|y¥| <8); g ~7
oy +28) = o(¥) ' T S SO .
o[ n-3'5 \ /
and -05 ~
o 1 s L 1 1 1 1
T -0.5! no4s AN ya
= —
L 1 1 1 ] 1 1
B -o,g [ ne35 ~
Q("I’ E) —_ Sil’l k(ﬂ' + ¢) lL ! I i 1 1 1 1 ]
’ cosh & — cos k(r + ¥) 10 20 30 40 5% 6 70 80
in k(r — 4) Fig. 7. Calculation of E, for various sycles. These results are based
- Sin A . on (18). The origin of the coordinate and of the time have been
cosh k¢ — cos k(x — 4) adjusted to agree with that used in the numerical calculation.

At ¢t=0, the incident wave hits the corner. 0 < _Cﬁ <3
The discontinuities of the first two terms across the ) = @
lines #=0,+= and §= —8y+ 7 are compensated for by

. . 0 otherwise.
the contributions from the last integral. It can be shown

that for Results of the computations based on (18) are shown in
Fig. 7. The agreement with the graphs on Fig. 6 appears
jd 3= to be good, even for this coarse grid spacin
§=8) = —; }3=3 good, coarse grid spacing.
2
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